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Measures with values in a countably order-complete vector lattice are considered. 
The underlying o-algebra is assumed to be u-isomorphic to the Bore1 sets of the real 
line. Given one such measure, densities are searched which are not necessarily 
scalar-valued for smaller measures. The results can be used to prove the existence of 
a least upper bound for two such measures. 1) 1985 Academic Press. Inc. 
0. INTRODUCTION 
We are concerned with E-valued measures where E denotes a countably 
order-complete vector lattice. Given an E-valued measure p, we try to find 
densities for E-valued measures which are smaller than p. By analogy with 
real-valued measures, we should have to take operator-valued densities. If 
the a-algebra is a-isomorphic to the o-algebra of Bore1 sets of the real line, 
we show that an E-valued measure which is smaller than p can be 
approximated by a sequence of E-valued measures which have certain 
elementary operator-valued densities whith respect to ,u. The problem will 
be reduced to two special cases, namely, a vector lattice of all real-valued 
functions which are measurable with respect to a given o-algebra (see [6, 
p. 1541) and a countably arder-complete vector lattice of continuous 
functions on a compact Hausdorff space. 
Radon-Nikodym theorems for C(K)-valued measures have been proved 
in [2, 10, and 111 where C(K) is supposed to be order complete and the 
aim is to find a scalar-valued density. For positive (order continuous) 
linear transformations between order-complete vector lattices, there are 
Radon-Nikodym theorems in [4 and S]. 
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1. PRELIMINARIES 
Our notation is that of Schaefer [S]. Let E be a vector lattice and d a 
a-algebra of subsets of a set X. Throughout this paper we shall suppose E 
to be countably order complete, i.e., each nonvoid order bounded coun- 
table subset of E has a least upper bound. An E-valued measure p is a 
positive finitely additive mapping from d to E such that 
for every increasing sequence of sets in d (see [lo]). If (x,) is a bounded 
sequence in E and inf, sup, z m x,, = sup,,, inf,. m x, = x, we write x = o- - - 
lim, x,. 
Remark. If E is even a Banach lattice and p is a positive finitely 
additive measure with values in E which is a-additive with respect to the 
norm in E, then p is an E-valued measure in the above sense. The converse 
is not true. 
EXAMPLE. An example for an E-valued measure is provided by a tran- 
sition measure: Let 9 be a a-algebra of subsets of a set Y. A mapping I++ 
from Y x d to the real line is called transition measure from (Y, 9) to 
(X 4 if ICl(4 .) is a (finite) measure for every t G Y and I& ., B) is Y- 
measurable for every BE&. Let M(Y) denote the countably order com- 
plete vector lattice of all g-measurable real-valued functions. Defining 
p(A)(t) = $(t, A), we get a M(Y)-valued measure on d. 
Let p be an E-valued measure. We are mainly interested in the set [0, ~1 
of all E-valued measures v with v(A)gp(A) for all A E d. Put 
E, = {XG E: --@(X)Sx5bp(X) for some positive real 6). 
Then v(A) E E, for all A E d. E, is a countably order-complete vector lat- 
tice with order unit p(X). Therefore, E, is isomorphic to a space of con- 
tinuous functions. The first part of the proposition below follows from [S, 
Proposition 11.7.2 and Theorem 11.7.41. The second part is (starting with 
monotone sequences) an easy consequence of the lirst one. 
PROPOSITION 1.1. (a) There is a compact Hausdorff space K and a 
positive linear bijective mapping T: E, + C(K) such that Q(X)) is the con- 
stant-one function and T- ’ is positive. 
(b) C(K) is countably order complete, and o-lim, TX, = T(o-lim, x,) 
for each bounded sequence (x,) in E such that o-lim, x, exists. 
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Define g(E) to be the set of all positive linear operators L in E such that 
Lx Ix for every x 2 0. If L, ,..., L, E W(E,) and B, ,..., B, E d pairwise dis- 
joint, then 
v(A)= f Lkp(BknA), AEd, 
k=l 
defines an E-valued measure belonging to [0, ~1. We may consider 
c;=’ Lk’1L3, a density for v with respect to p. Later we shall prove that 
each v E [0, ~1 has approximatively such a representation if d is cr- 
isomorphic to the a-algebra of Bore1 sets of the real line. 
Using Proposition 1.1, it is easily seen that for every L E &?(E,) there is a 
L’ E a( C(K)) such that L = T- ‘L’T. 
Now, let K be an arbitrary compact Hausdorff space such that C(K) is 
countably order complete. The elements of a( C( K)) can be identified with 
continuous functions on K (see [ 13, p. 1971). We shall give another proof 
(Lemma 1.4) not using the theory of orthomorphisms. This proof depends 
on the following lemma, a version of a result in [9], which is also needed 
later on. Let ?&, denote the a-algebra of all Baire sets of K, and let B(9$) be 
the space of all bounded BO-measurable functions. 
LEMMA 1.2. (a) For every g E B(9&,) there is exactly one Sg E C(K) 
such that { Sg # g} is meager. 
(b) The mapping S: B(%,) + C(K) defined by gt+Sg is positive, 
linear, and preserves lattice operations. If (g,) is a pointwise converging 
bounded sequence in B(a,,), then S(lim, g,) = o-lim, Sg,. 
(c) If D E .9&,, then Sl,, is an indicator of a clopen set. 
Proof (a) is a special case of Theorem 9 in [9]. (b) easily follows 
from (a). (c)follows from O=inf{Sl., Sl,-,} and 1 =Sl,+Sl,-,. 
The next lemma is implicitly contained in [ 12, p. 3061. 
LEMMA 1.3. If f E C(K) and fi0, then there is an increasing sequence 
(f,,) in C(K) converging uniformly to f such that f,, = x:2), a,& 1 D,,k, where 
each a,,& is a nonnegative real number and each Dn,k is a clopen set. 
Proof: Define A,,, = {k.2-“sf<(k+1).2-“}, N(n)=2”.max,., 
f(t), and fL=C,“l”bk.2-“. lA.,k. Putting f, = Sf L, we get 1 fn -f I S 2-“, 
and the lemma follows. 
LEMMA 1.4. L E 9( C( K)) iff there is a function 1 E C(K) such that 
OS111 and (Lf)(t)=l(t).f(t)for every tEKandfeC(K). -- 
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Proof: The “if’ part is trivial. To prove the “only if’ part, suppose 
LEW(C(K)). Define I=Ll. If DcK is clopen, we have Ll,sl, and 
Ll,SLl. Hence Ll,S;Ll. 1, and Ll,-,sLl. l,-,. We conclude that 
Ll D = I.1 D for each clopen set D. Now we make a function f E C(K) with 
J 20. Using Lemma 1.3 with the same notation, we get Lf, = Z.f, and 
Iv-- l.fl s Kf- r..L + V-f,- l*fl = W-f,) + 1. (f-fn) s f-f, + 
f-f, 5 2.2~“. Hence Lf = Z.f: For an arbitrary f E C(K), we can write 
Lf=L(f+)-L(f-)=l*f, -I.f- =l.f 
2. A RADON-NIKODYM TYPE THEOREM FOR E-VALUED MEASURES 
Among other things, our results are based on a Radon-Nikodym 
theorem for transition measures (Proposition 2.1) which is proved in [6, 
p. 1541, by means of a martingale theorem. We shall use the same notation 
as in the example of the preceding section. but d is supposed to be 
separable. Then an increasing sequence of finite algebras JZ$ can be chosen 
such that U,“= I ZZ$ generates d. Each d’, is generated by a finite partition 
At,, 1’--3 4,N(,?) of X. Let v and p be transition measures from (Y, Y) to 
(X, d ). For 15 k 5 N(n) we define Y-measurable functions g,, by 
&k(f) = v(c 4l.k)~ AC ‘h- for ~(6 A,,) > 0, 
=o otherwise. 
Putting f,( t, x) = C,Nlnl g,J t) . 1 a,,k(~), we get a Y @ d-measurable 
function f, for each n. 
PROPOSITION 2.1. Let v and u be (finite) transition measures from 
( Y, Y) to (X, d ) such that v(t, . ) is absolutely continuous with respect to 
,u( t, . ) for every t E Y, Then there is a Y Q d-measurable function f and a set 
ME 97 @ d such that f (t, x) = lim, 1 ,,Jt, x) . f,(t, x) for all t E Y and x E X, 
and v(t,A)=j lA(x).f(t,x)u(t,dx) for all ?E Y and AEZZZ. Furthermore, 
p(t, X- M,) = 0 for each t E Y, where M, = {x E X: (t, x) E M}. 
As stated in [7, p. 1141, (f,(t, -)) is also uniformly integrable with 
respect to ~(t, . ). Therefore we have 
COROLLARY 2.2. v(t, A) = lim, J l,(x) .f,(t, x)u (t, dx) for every A E d 
and tE Y. 
Remark. We may look at j f (t, x) ~(t, dx) as integrating an operator- 
valued mapping with respect to the M(Y)-valued measure induced by 
jz: For each XE X the operator is defined by hwf (-, x). h for every Y- 
measurable function h. 
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EXAMPLE (See [ 1, p. 733). Let d = Y denote the o-algebra of Bore1 
sets of [0, l] and 1 Lebesgue measure. Define ~(t, A) = A(A) and v(t, A) = 
,?(A n [0, t] ) for all A E d and t E [0, 11. Then we can take f(t, x) = 
1 [O&h 
From now on we make a further restriction on the a-algebra d: d is 
supposed to be o-isomorphic to the o-algebra of Bore1 sets of the real line. 
We employ the same notation as in Lemma 1.2. Let v and p be C(K)- 
valued measures on d. It will be convenient to write v(t, A) = v(A)(t) and 
~(t, A) = ,u(A)(t); v and p are in general not transition measures. The 
special structure of the o-algebra of the Bore1 sets of the real line is used in 
the following proposition. 
PROPOSITION 2.3. There are transition measures v^ and p* from (K, L&,) 
to (X,d) such that the sets (v(., A)#v*(., A)} and {p(.,A)#p-(., A)} 
are meager for every A ES?. If v sp, we can choose v^ and p* such that 
VAgLIA. 
Proof; It is enough to prove the case where X is the real line and d is 
the c-algebra of Bore1 sets. The problem is similar to constructing a tran- 
sition probability from the conditional expectations of indicators (see [7, 
Proposition V.4.41). Let d’ denote the algebra generated by the intervals 
]a, b] with rational endpoints. d’ is countable. For every A E&’ there is 
an increasing sequence of compact sets (C”,) such that A = U,“= I C;. (Each 
C,:, is a finite union of compact intervals.) It follows that p( ., A) = sup,, 
p( ., C”). From Lemma 1.2 (b) we get supn p( ., C”,) = S(lim, p( ., C”,)). 
Whence (p(., A) #lim, p(., C”,)} . is meager (lim denotes the pointwise 
limit). By analogy { v( ., A) # 1 im, v( ., c”,)} is meager. Since &’ is coun- 
table, there is a meager set ME 9J0 such that ~(t, A) = lim,p( t, C”,) and 
v(t, A) = lim, v(t, c”,) for every A E d and t E K- M. Because ~(t, . ) and 
v( t, * ) are finitely additive set functions on d for each t E K, we obtain (see 
[7, Proof of Theorem 1.6.21) that ~(t, . ) and v(t, . ) are o-additive set 
functions on d’ for each t E K- M. Thus ,~(t, . ). 1 K-M(t) and v(t, .). 
1 K- ,+,(t) can be extended to o-additive measures p&( t, . ) and v*( t, . ), respec- 
tively, on JS?’ for each t E K. 
Obviously P~( ., A) is 9?0-measurable for each A E G”. Now, the set of all 
A such that J( ., A) is &&-measurable is a monotone class. Hence J( ., A) 
is 9$,-measurable for each A E&. The same is true for v^. 
Define Y= {AE&: {p*(., A)#p(., A)} is meager}. We have d’c9. 
Furthermore (d(., X-A) # p(., X-A)} c (p*(., X) # p(., X)} u 
{d(., A)#p(., A)}. It follows that AEF implies X-AES. For an 
increasing sequence (A,) in 9 there is a meager set M’ such that 
p*(f, A,)=p(t, A,,) for each A, and each ZEK-AI’. Thus p*(t, U, A,)= 
lim, ,~(t, A,,) for each t E K- M’. According to Lemma 1.2 we have 
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1.4.~ U, A,) = vn A., 4 = Wm, A., 4J) = S(Lu(., U, 4). We con- 
clude that 9 is a monotone class, and therefore B = d. 
If vsh, then v&( ., A)$P~( ., A) for all A Ed’. Considering the outer 
measures belonging to v^ and p- we conclude that v~( ., A) Q-( ., A) for all 
AEd. 
Now we are ready to state a Radon-Nikodym type theorem for C(K)- 
valued measures. If h, ,..., h, E C(K) and B, ,..., B, E d, we put 
SC n Mf) . b,(x) At, dx) =i h(t). At, Bk). 
k=l k=l 
PROPOSITION 2.4. Let v and p be C(K)-valued measures such that v 5 p. 
(a) There is a 9$, Q d-measurable function f such that 0 sf 5 1 and 
for every A E d. 
(b) There are f,,k E C(K) and A,,E &, 15 ksN(n), such that 
v( *, A) = o-lim,ll A(x) * CfI”jfn,k. 1 A,,k(~) p( *, dx) for aN A E d. 
Proof According to Proposition 2.3 we choose transition measures v^ 
and pA with v^ 5~~. Applying Proposition 2.1 and Corollary 2.2 to v^ and 
,u*, there are sets A n,k E d, %,-measurable functions g,,k, 0 Qn,k 5 1, and a 
9$, @ d-measurable function f, 0 5Jg 1, such that 
N(n) 
= lim c gn,ktt) ’ h, A n A.,,) 
n k=, 
for all A ES&’ and t E K. Now (a) follows from the first equality and 
PrOpOSitiOn 2.3. Putting fn,k = Sgn,k, (b) follows from Lemma 1.2 and 
Proposition 2.3. 
Concerning the uniqueness off we have 
PROPOSITION 2.5. Zf f’ is another S&, @ d-measurable function such that 
Proposition 2.4(a) holds, then there is a meager set HE 9S0 such that 
p-(&D,)=0 for all tEK, where D={(t,x)eKxX: lKpH(t).f(t,x)# 
1 K-H(f) .f’(t, 4. 
Proof. d is separable. Let &’ denote a countable algebra generating 
d. Then there is a meager set HE 50 such that J 1 A(x) .f( t, x) . 1 K-H(t) 
p~(t,dx)=~lA(x).f’(t,x).lK-n(t)p (t,dx)foreveryAEzZ’and teK.A 
“monotone class” argument shows that this equality holds for every A E & 
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and t~K.Hence,foreverytixed teK,f(t, .).lKeH(t)andf’(t, .).lKpH(t) 
are densities for the same measure, say A( t, . ), with respect to p* (t, * ). This 
implies pA (t, D,) = 0 for all t E K. 
Using Proposition 1.1 and Lemma 1.2, we get the following 
generalization of Proposition 2.4. The notation is the same as in 1.1 and 
1.2. 
PROPOSITION 2.6. Let v and u be E-valued measures such that v sp. 
(a) There is a ?&,@ d-measurable function f Osfs 1, such that 
v(A)= Tp’S(jl,(x).f(., x)(T~)~(., dx))for every A E&. 
(b) There are L,,, E 9(E,) and A,,, Ed, 1 sk$N(n), such that 
v(A) = o-lim, Cfc/ L,,k u(A n A,,,) for every A E d. 
Proof We apply Proposition 2.4 to TV and Tu, and define Ln,k = 
T-IF,,, T, where (Fn,k h)(t) =f,Jt) 3 h(t) for all h E C(K) and t E K. 
Remark. Concerning Proposition 2.6(b), we think that something like 
j lA(x). (o-lim,,(C,NI.“I l,,,k(x) Ln,k)) u(dx) makes no sense. 
3. AN APPLICATION 
We shall use Proposition 2.6 to prove that inf{v, A} and sup{v, I> exist 
for E-valued measures v and 1. Proving the existence of inf{ v, A} suffices 
since we have sup{v,~}=v+~-inf{v,;l}. 
PROPOSITION 3.1. Let v and 1 be E-valued measures and p = v + 1. Put 
g= inf{ f”,f;..), where f,, and f;. are 9&, 0 d-measurable functions 
corresponding to v and 1, respectively, according to Proposition 2.6(a). Then 
inf{v, A} is given by inf{v, I}(A)= T-‘S(ll.(x).g(., x)(T~)~(., dx))for all 
AESZ. 
Proof Let d’ be a countable algebra generating d. Suppose we are 
given an E-valued measure $ with $ i v and $5 JI. Then $5 p, According 
to Proposition 2.6(a) there corresponds a 9$0 d-measurable function fJ, 
to $. Proposition 2.6(a) also implies the existence of a meager set HE B0 
such that 
3 I L(xPf& x). L-&U’d-(A dx) 
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for all A E SC!‘, t E K, and j3 = v, ;1. A “monotone class” argument shows that 
this inequality even holds for all A cd. Hence (Tp)*( t, { x:f$t, x) . 
1 K--H(f)<f~(t,~).lK-H(r)})=O for /?=v,L. We conclude (T’p) (t, {x: 
g(t, x) . 1 KP “(t) <fJt, x) . 1 K-H(t)}) = 0. Whence the proposition follows. 
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